In this paper we define a noncommutative (NC) Metafluid Dynamics [1] . We applied the Dirac's quantization to the Metafluid Dynamics on NC spaces. First class constraints were found which are the same obtained in [3] . The gauge covariant quantization of the non-linear equations of fields on noncommutative spaces were studied. We have found the extended Hamiltonian which leads to equations of motion in the gauge covariant form. In addition, we show that a particular transformation [2] on the usual classical phase space (CPS) leads to the same results as of the ⋆-deformation with ν = 0. Besides, we will shown that an additional term is introduced into the dissipative force due the NC geometry. This is an interesting feature due to the NC nature induced into model.
I. INTRODUCTION
The understanding of hydrodynamic turbulence is an important problem for nature science, from both, theoretical and experimental point of view, and has been investigated intensively [5, 6, 7] over the last century, but a deep and fully comprehension of the problem remains obscure. Over the last years, the investigation of turbulent hydrodynamics has experienced a revival since turbulence has became a very fruitful research field for theoreticians, that study the analogies between turbulence and field theory, critical phenomena and condensed matter physics [8, 9, 10, 11, 12, 13, 14, 15, 16] , renewing the optimism to solve the turbulence problem. A new approach for investigation of the fluid turbulence was proposed recently [1] . The method named the metafluid dynamics, is based on the use of analogy between Maxwell electromagnetism and turbulent hydrodynamics, and describes the dynamical behavior of average flow quantities in incompressible fluid flows with high Reynolds numbers exactly as is done to obtain the macroscopic electromagnetic fields [17] . In this method, the equations of motion describing the behavior of the hydrodynamic turbulence, after the average process (see more details Ref. [1] ), are written as
∂ ∂t l = ∇ × ω − j( x, t) + ν∇n( x, t) − ν∇ 2 l, where w = ∇ × u is the vorticity, l = ω × u = − ∂ u ∂t − ∇φ + ν∇ 2 u is the Lamb vector, while j is the turbulent current and n is the turbulent charge, given by
In (2) the Bernoulli energy function φ( x, t) has the expression
where p( x, t) is the pressure, ρ is the density and u( x, t) represents the velocity field. In recent work [3] , we extended the Marmanis analogy in order to propose an appropriate Lagrangian governing the dynamics of incompresible fluid flows, in terms of velocity field and the Bernoulli energy function (named "potentials of theory"), as
It is easy to see that this Lagrangian density gives us the equations of motion (1) for viscous fluid [5] . In [3] , the theory was analyzed for the first time as a constrained system from the symplectic point of view [18] and a hidden gauge symmetry was reported.
In the case where the viscosity can be despised, as in the inertial range [7] , the Lagrangian density (4) can be written as
where the field strength tensor is
V µ = ( u, φ) is the vector-potential of the Lamb and vorticity field and J µ = ( j, n). Its opportune to comment here that the Metafluid Dynamics was investigated within HamiltonJacobi formalism [4] . In the present paper, we will apply the Dirac's quantization to the Metafluid Dynamics on (NC) spaces from the ⋆-deformation of the (CPS), where the extended Hamiltonian leading to gauge covariant equations of motion is derived. In addition, we show that a particular transformation on the usual CPS leads to the same results as of the ⋆-deformation on CPS.
This paper is organized as follows. In section II the general Dirac's procedure of quantization of ⋆-deformed metafluid dynamics is considered. The extended Hamiltonian leading to gauge covariant equations of motion is derived. In section III the gauge fixing approach on the basis of Dirac's brackets is studied. In section IV, a particular transformation on the commutative configuration space is considered, introducing noncommutativity on the configuration space. Section V is devoted to the discussion.
II. THE NONCOMMUTATIVE METAFLUID DYNAMICS
The Lagrangian density (5) on NC space is given by
where noncommutative strengthF µν readŝ
Here the star product (⋆) between NC quantities is defined as usual:
The Seiberg-Witten expansion to the first order in θ µν [19] giveŝ
On applying this map, the Lagrangian density (7) is written in terms of ordinary fields in the order of O(θ 2 ) , as
where we took into consideration that the term J µ ⋆ V µ in the Lagrangian on NC spaces coincides within four-divergences with J µ V µ . The Lagrangian density (12) can also be cast in the form of
where
we obtain from (12) the following field equations
The non-linear equations (15) may be cast as follows:
where the fields L and W are
The equations (16a) and (16b) are the two last equations for the metafluid dynamics, (1), with ν = 0. The second pair of equations, which is the consequence of (6) is
where the dual tensor beingF µν = 1 2 ǫ µναβ F αβ , ǫ µναβ is a Levy-Civita antisymmetric tensor. So, (19) is rewritten as
that are the two first equations for the metafluid dynamics, (1), with ν = 0. Now we apply Dirac's formalism of gauge covariant quantization to the Lagrangian (12) which leads to non-linear field equations. According to the Dirac formalism, we find from (12) , with the accuracy of O(θ 2 ), the following momenta
We observe that π 0 is a primary constraint, see Ref. [20] that we denote by χ 1 ,
From equations (17) and (21a), we come to the equality π i = −L i . Then, using the known Poisson brackets between coordinates V i ( x) and momentum π i , we arrive at
From (23) it is easy to find the Poisson bracket between the vorticity field ω and the field L:
The density of the Hamiltonian found from the relation H = π µ ∂ 0 V µ − L, with the help of (13) and (21a), is given by
The primary constraint (22) should be a constant of motion and, therefore, we have the condition
is the Hamiltonian. The (26) guarantees that the primary constraint (22) is conserved, i.e., has no time dependence. Hence, the secondary constraint, found from (26), is
Note that, using equality π i = −L i , it is easy to see that the secondary constraint (28) is simply (16b). The time evolution of the secondary constraint is
But, from (1), we get
where, in the inertial range, the Bernoulli energy function φ is constant [1] , so
This shows that there is not additional constraint. The Poisson brackets between ϕ 1 and ϕ 2 ,respectively primary and secondary constraints, vanishes, {ϕ 1 , ϕ 2 } = 0. Thus, all constraints here are first class, and there are no second class constraints. According to the general Dirac method, to acquire the total density of Hamiltonian, we add to (25) Lagrange multiplier terms λ( x)π 0 , β( x)(∂ i π i + n), where λ( x) and β( x) are auxiliary variables which have no physical meaning, and are connected with gauge degrees of freedom. Then, we get
To obtain equations of motion we have to express the density of Hamiltonian (32) in terms of the fields, V µ , and momenta, π µ . For this, using (21a), we find, with the accuracy of O(θ 2 ), the Lamb field is
together with (33) and the equality L i = −π i , the total density of Hamiltonian (32) takes the form
The total Hamiltonian density allows us to obtain the time evolution of the fields. With the help of the Hamiltonian equations we find
Equation (36) coincides with the first equation in (16a) taking into consideration the definition (17) and (18), and (35) is nothing but the gauge covariant form of (33). (37) represents the time evolution of non-physical fields.
III. QUANTIZATION OF SECOND-CLASS CONSTRAINTS
In this section, we consider gauge fixing approach. With help of the gauge freedom, decribed by two functions, λ(x), β(x), we can impose new constraints as follows [3] :
The Coulomb gauge (38) does not violate the equations of motion. After fixing two components of vector-potential V µ in accordance with (38), the first class constraints (22) and (28) become second class constraints. Indeed, the non-zero Poisson brackets of the functions χ 1 , (22), χ 2 , (28) and χ 3 , χ 4 , (38), are
Defining the matrix of Poisson brackets as
so that the inverse matrix C −1 ij exists, we may introduce the Dirac brackets [20] {A( x, t), B( y, t)} * = {A( x, t), B( y, t)} +
The inverse matrix C −1 ij obeys the equation
and is given by
Using the definition of Dirac brackets (41) and (43), and imposing the boundary condition that the fields vanish at infinity, we get
Those Dirac bracktes are the same obtained in [3] from the Faddeev-Jackiw approach. Now, following the prescription [20] , we can set all second class constraints strongly to zero. Then the physical Hamiltonian of fully constrained ⋆-deformed theory becomes
Equations of motion obtained from (45) are given by
Now, using that V i = u i (velocity field) and (17), where π i = −L i , we have from (46) that
where ω × u = l. The equation (49) is the Euler equation in the order of θ 2 . In the quantum theory, with the presence of second class constraints, we have to replace Dirac's bracket by the quantum commutator according to the prescription {., .} * → −i [., .] . Only transverse components of the vector potential V µ are physical degrees of freedom, and they remain in the theory.
IV. A PARTICULAR TRANSFORMATION
Let us consider a general linear transformation on the usual CPS variables, given by
At this stage, we remark that for the following particular choice of the matrix parameters a, b, c and d
the new classical variables u ′ i and π
or, in another manner
These new fields satisfy the relations above,
Note that, those transformations imply the presence of a noncommutativity on the configuration space.
In terms of the new fields u ′ i , the Lagrangian density, (4), is given by
that can be represented as
. Applying Euler-Lagrange equations for the velocity field u, one gets
Inserting the expression of l and ω, the (56) may be cast as
where the Lamb ( L) e vorticity ( W ) fields are given by
and
Now, applying the Euler-Lagrange equations for φ, one gets
Using (58), we get ∇. L = n( x, t).
The equations of motion (57) and (62) are the two last equations for the metafluid dynamics, (1) . The other two equations are obtained directly from ω and l definitions. Taking the divergence of ω, we get the first of (1) and, in order to get the second one, take the curl of l. We find from (55), with the accuracy of O(θ 2 ), the following momenta
The left side of this equation represents the usual expression of the Navier-Stokes equation of turbulent viscous fluid, in the noncommutative configuration space (θ = 0). The right side expresses a first correction to the dissipative force due to the viscosity depending on the presence of a noncommutativity on the configuration space (θ = 0). Note that, when the viscosity is not present (ν = 0) the (71) leads to the same results as from the ⋆-deformation on classical phase space. It is easy to see that the classical limit is recovered when the parameter θ → 0.
V. CONCLUSION
We have considered quantization of the Metafluid Dynamics on noncommutative spaces taking into consideration first class constraints as well as introducing second class constraints and the Dirac bracket. The procedure of Dirac's quantization here, on the basis of first class constraints and the Poisson bracket, is similar to the quantization obtained in [3] . The difference is that field equations are nonlinear in the case of the ⋆-deformed theory. Afterward, by a particular transformation on the usual CPS leads to the same results as of the ⋆-deformation on CPS. We have shown that there is a correction term to the dissipative force,
